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Abstract: The nonequilibrium responses of Ising metamagnet (layered antiferromagnet) to the propa-
gating magnetic wave are studied by Monte Carlo simulation. Here, the spatio-temporal variations of
magnetic field keeps the system away from equilibrium. The sublattice magnetisations show dynamical
symmetry breaking in the low temperature ordered phase. The nonequilibrium phase transitions are
studied from the temperature dependences of dynamic staggered order parameter, its derivative and the
dynamic specific heat. The transitions are marked by the peak position of dynamic specific heat and
the position of dip of the derivative of dynamic staggered order parameter. It is observed that, for lower
values of the amplitudes of the propagating magnetic field, if the system is cooled from a high tempera-
ture, it undergoes a phase transition showing sharp peak of dynamic specific heat and sharp dip of the
derivative of the dynamic staggered order parameter. However, for higher values of the amplitude of the
propagating magnetic field, system exhibits multiple phase transitions. A comprehensive phase diagram
is also plotted. The transition, for vanishingly small value of the amplitude of the propagating wave, is
very close to that for equilibrium ferro-para phase transition of cubic Ising ferromagnet.
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I. Introduction:
The nonequilibrium responses of Ising ferromagnet to a time dependent magnetic field give rise to
several interesting phenomena [1]. Apart from dynamic hysteresis, the dynamic phase transition is an
emerging field of modern research. An oscillating (in time) and uniform (in space) magnetic field yields
dynamic phase transition accompanied by dynamic symmetry breaking. Very recently, [2, 3, 4, 5, 6]
the responses of Ising ferromagnet to a magnetic field having spatio-temporal variation, have become
an interesting subject of investigations. The classical nucleation phenomenon has been studied [2] in
Ising ferromagnet in presence of a field having spatio-temporal (spreading Gaussian) variation. Here,
existence of a new time scale was mentioned. The nonequilibrium phase transition is studied [3, 5] in
Ising ferromagnet driven by polarised magnetic field. Multiple nonequilibrium phase transitions were
observed [4] in Ising ferromagnet irradiated by spherical magnetic wave. Even, the random field Ising
model exists in multiple nonequilibrium phases at zero temperature, if driven by plane polarised magnetic
wave.
The real metamagnet, for example the iron chloride FeCl2 show some interesting equilibrium phases
[7]. The experiments [8, 9] on iron bromide FeBr2 show the existence of multiple phase transitions (in
the high field region). Several attempts have been made to understand this peculiar phase diagram,
theoretically [10] in Ising metamagnets. However, this multiple phase transition (indicated by double
peak in specific heat) was successfully reproduced [11] in Heisenberg metamagnet using Monte Carlo
simulation.
The phase transitions mentioned above the metamagnetic systems are of equilibrium type. Due
to the complicated interactions, metamagnets may exhibit interesting nonequilibrium phase transition.
This prompted the researchers to study the dynamic phase transition in metamagnets in the presence
of oscillating (in time only) magnetic field [12], in meanfield approximation. The Monte Carlo study
[13] was done in Ising metamagnet driven by sinusoidally oscillating magnetic field. The nonequilibruim
phase transition is studied and a phase boundary is drawn in the plane formed by the temperature
and amplitude of the oscillating magnetic field. Very recently, the nonequilibrium behaviours of synthetic
metamagnetic (ising type) film are studied [14] by Monte Carlo simulation. The time dependent response,
growth of domains inside the material and surface autocorrelation (for thick films) are studied in details.
The phase diagrams are also drawn in field-temperature plane. However, the behaviours of metamagnets
are not yet investigated for a field having spatio-temporal variation.
In this paper, the responses of Ising metamagnet to a plane polarised magnetic wave (the magnetic
field has spatio-temporal variation), are studied by Monte Carlo simulation. The paper is organised as
follows: In the next section the model and the simulation scheme are described. Section III contains the
numerical results and the paper ends with summary in section IV.
II. Model and Simulation:
The Ising metamagnet (layered antiferromagnet) can be modelled by the following Hamiltonian:
H = −JF
∑
s(x, y, z, t)s(x′, y′, z, t)− JAF
∑
s(x, y, z, t)s(x, y, z′, t)−
∑
h(y, t)s(x, y, z, t) (1)
Where, s(x, y, z, t) = ±1, represents the Ising spins in the position (x, y, z) at the time instant t. First
term represents the nearest neighbour ferromagnetic (JF > 0) interaction in a particular (xy) plane (same
z). Second term represents the nearest neighbour antiferromagnetic interaction (JAF < 0) between two
adjacent planes. Third term represents the spin-field interaction. h(y, t) represents the value of magnetic
field at position y at time t, due to the propagation of magnetic wave, propagating along the y direction.
The magnetic field of propagating (along the y direction) magnetic wave is represented as:
h(y, t) = h0cos2pi(ft− y/λ) (2)
where, h0, f and λ denote the amplitude, frequency and wavelength of the propagating magnetic wave
respectively. The wavefront is parallel to xz plane. The model is defined in a cube of linear size L. The
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periodic boundary conditions are applied in all (x, y, z) directions.
This model Ising metamagnet irradiated by plane magnetic wave is studied by Monte Carlo simulation.
The initial random spin configuration was taken such that statistically half of the total number of spins
has value +1. This corresponds to very high temperature configuration. The nonequilibrium steady state
at any given temperature was achieved by cooling from high temperature configuration. At any given
temperature the steady state configuration was obtained by single spin (chosen randomly) flip Metropolis
algorithm[15]. Where the probability of spin flip is given by:
PM (s(x, y, z, t)→ −s(x, y, z, t)) = Min[1, exp(−
∆H
kT
)] (3)
where, ∆H is change in energy due to spin flip. k is the Boltzmann constant and T is the temperature
of the system. L × L × L number of such random updates constitutes a single Monte Carlo Step per
Spin (MCSS) and defines the unit of time in the problem. At any fixed temperature (T ), 2× 105 MCSS
time was devoted to get the nonequilibrium steady configuration. It was checked that this is sufficient.
Initial, 105 MCSS was discarded and the quantities in NESS were calculated from next 105 MCSS. The
slow cooling was assumed by lowering the temperature in small steps (∆T = 0.05).
Here, L = 20 is considered. The system can be divided by two sublattices. The odd planes form sub-
lattice of type ′a′ (say) and the even planes form the ′b′ type sublattice. The instantaneous magnetisation
in a sublattice is denoted by ma = 2
∑
s(x, y, z, t)/(L× L× L) summing over odd planes only. Similarly,
mb(t) can be defined by summing over the even planes only. The instantaneous value of the staggered
magnetisation is defined as ms(t) = (ma(t) − mb(t))/2. The sublattice dynamic order parameters are
defined as Qa = f
∮
ma(t)dt and Qb = f
∮
mb(t)dt. The dynamic staggered order parameter is defined
as Qs = f
∮
ms(t)dt. The dynamic energy of the system is defined as E = f
∮
H(t)dt. These are defined
as the time averaged over the full cycle of the propagating magnetic field. The dynamic specific heat is
defined as C = dE
dT
.
Here, the choice of the system size (L = 20) is just a compromise between the available computational
facilities (Intel CORE i5 processor) and the computational time. A few results are checked in smaller
sizes and no considerable qualitative changes were found. In this simulation, since the spatio-temporal
variation of the applied magnetic field is considered, the updating of spins requires more time than that
required for steady field or oscillating (but uniform over the space) field. The CPU time required for
2× 105 MCSS is 13.5 Minutes.
The units of the parameters used in the simulation are specified as follows:. the field amplitude h0 is
measured in the unit of JF and the temperature T is measured in the unit of JF /k, the frequency f is
measured in the unit of MCSS−1 and the wavelength λ is measured in the unit of lattice spacing.
III. Results:
In the present study, the frequency (f = 0.01) and the wavelength (λ = 5) of the propagating
magnetic field are kept constant. The strengths of the interactions, JF = 1.0 and JAF = −JF were also
kept constant throughout the study. The instantaneous sublattice magnetisations ma(t) and mb(t) are
studied for two different temperatures T = 4.5 and T = 3.0 for fixed h0 = 2.0. These plots are shown
in Fig-1. In the high temperature (T = 4.5), both ma(t) (in Fig-1(a)) and mb(t) (in Fig-1(b)) oscillates
symmetrically (around zero magnetisation). As a result, the staggered magnetisation would also oscillate
symmetrically. These correspond to the dynamically symmetric phase. On the other hand, for lower
temperature (T = 3.0 here), both oscillate asymmetrically (around zero magnetisation). These are shown
in Fig-1(c) and Fig-1(d). Consequently, the staggered magnetisationms(t), also oscillates asymmetrically.
This is symmetry broken dynamically ordered phase. The dynamic staggered order parameter Qs would
be zero in the symmetric disordered phase and becomes nonzero in the low temperature dynamically
ordered symmetry broken phase.
The temperature dependences of all dynamic quantities (Qa, Qb, Qs,
dQs
dT
, E and C) are shown in
Fig-2. Here, all these dynamic quantities are studied as a function of temperature (T ) for two values of
field amplitudes (h0 = 1.0 and h0 = 3.0). As the temperature is lowered from a high temperature the
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staggered dynamic order parameters (Qa and Qb) are observed to become nonzero (getting the ordered
phase) near the dynamic transition temperature. These transitions are observed (Fig-2(a)) to happen at
higher temperatures for lower value of field amplitude (h0). The dynamic staggered order parameter also
becomes nonzero near the dynamic transition point. The transition temperatures (Fig-2(b)) are observed
to be lowered for higher value of field amplitude. The dynamic staggered order parameter Qs is assumed
to behave like Qs ∼ (Tc − T )
β , (where β < 1). Keeping this in mind, the derivative, dQs
dT
is studied
as function of temperature for two different values of field amplitudes (mentioned above). These show
very sharp dips (eventually divergences for L → ∞) near the transition points (Fig-2(c)). Actually, the
transitions are well marked and the transition temperatures are estimated from the positions of the dips
of dQs
dT
. Here also, the dips form at lower temperatures for higher values of the field amplitudes and vice
versa. The temperature dependences of dynamic energy E, are shown in Fig-2(d). The inflection point
acts as the marker of dynamic phase transition. In this case, it is clearly observed that these inflection
points shifts towards the lower temperature for higher value of the magnetic field. The most physical
quantity to detect the phase transition is specific heat. Here, in Fig-2(e), the temperature dependence of
dynamic specific heat C is shown. The sharp peak of specific heat indicates the dynamic transition point.
The transitions were observed to happen at lower temperatures for higher field amplitudes. From these
studies, it is observed that the dynamic transition temperature is a function of field amplitude of the
propagating magnetic field. For the lower values of the field amplitudes (mentioned above) the dynamic
transitions, observed here are single transition (indicated by single peak of C or single dip of dQs
dT
).
However, for higher values of field amplitudes, e.g., h0 = 3.9 and h0 = 4.0. The multiple (actually
double) dynamic transitions are observed. This is quite interesting and already observed in real and
model metamagnets for constant (in time) and uniform (in space) magnetic field. Similar (mentioned in
last para) study is done and shown in Fig-3. Here, in addition to high temperature sharp dip of dQs
dT
, a
smeared dip was found at lower temperature. This indicates another transition (Fig-3(c)). The same was
observed for C. Two peaks of dynamic specific heat indicates two dynamic transitions (Fig-3(e)). As the
value of field amplitudes increases the transitions occurs at lower temperatures.
The dynamic transition temperatures are estimated from the dips of dQs
dT
and peaks of C for different
values of h0. It is observed that the transition temperature is function of h0 or vice versa. Collecting all
data of dynamic transition temperatures for different values of field amplitudes, the comprehensive phase
diagram is plotted and shown in Fig-4. By cooling the system from high temperature (for lower values
of amplitude of the propagating magnetic field) one gets the single phase transition (boundary marked
by the solid symbols in Fig-4). The transition occurs at higher temperatures as the value of amplitude
of the propagating field decreases. In the limit of vanishingly small amplitude the transition occurs at
a temperature which is very close to the normal ferro-para transition temperature (Tc = 4.511...) of
cubic Ising ferromagnet. On the other hand, for higher values of amplitude of propagating field, the
system exhibits two phase transitions. The high temperature transition (marked by solid symbols) and
low temperature transition (marked by open symbols).
IV. Summary:
In this paper, the dynamical responses of Ising metamagnet (layered antiferromagnet) to the plane
propagating magnetic wave, are studied by Monte Carlo simulation. The interaction between the magnetic
field (space and time dependent) of the propagating wave and the Ising spins, keeps the system away
from the equilibrium.
The time variations of the sublattice magnetisations are studied. For a fixed set of values of field
amplitude, frequency and wavelength, a dynamical symmetry breaking is observed as one cools the system
from a high temperature. This dynamic symmetry breaking is also related to a nonequilibrium phase
transition. The nonequilibrium phase transition is studied by the temperature variations of dynamic
staggered order parameter, its derivative and the dynamic specific heat. The transition temperatures are
estimated from the positions of peaks of dynamic specific heat and the positions of dips of the derivative
of the dynamic staggered order parameters.
4
For lower values of the amplitudes of the propagating magnetic field, if the system is cooled from a high
temperature, it undergoes a phase transition showing sharp peak of dynamic specific heat and sharp dip
of the derivative of the dynamic staggered order parameter. However, for higher values of the amplitude
of the propagating magnetic field, system exhibits multiple phase transitions. A comprehensive phase
diagram is also plotted in the plane formed by the temperature and the amplitude of the propagating
magnetic field wave.
The comprehensive phase boundary obtained here may be realised qualitatively and physically as
follows [14]: for lower values of field amplitude the system undergoes a transition from paramagnetic to
antiferromagnetic (layered) phase as the temperetured is lowered, since the intra layer antiferromagnetic
interaction strength wins over the competition against the field strength. As the strength of the field
increases, it becomes relatively stronger enough to create the clusters of up spins within the plane of
down spins. As a result, a mixed phase may appear. As a result, the double transition is oberseved for
higher values of field amplitude.
In this problem, several important observations are yet to be made. For example, the size of the
system used in this study, is not yet confirmed to be sufficient for the conclusions based upon the
observations. The orders of the phase transitions and a possible existence of any tricritical point on
the phase boundary may be an interesting study. For that purpose, the studies of distributions of order
parameters and the temperature variation of Binder cumulant, would be the useful trategy. The finite size
analysis is one important issue. The dependences of the phase boundary on the wavelengths, frequency
and the antiferromagnetic interaction strength would also be very interesting study. The work in this
front is going on. It would be interesting if the reported results agree well with the expertiments.
Acknowledgements: The library facilities provided by the Calcutta University is gratefully acknowl-
edged.
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Fig-1. The time evolution of sublattice magnetisations in the nonequilibrium steady state. (a) and (b)
show the dynamically symmetric disordered phase at h0 = 2.0 and T = 4.50. (c) and (d) show the
dynamically symmetry broken ordered phase at h0 = 2.0 and T = 3.0. Here, f = 0.01 and λ = 5.
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Fig-2. Temperature dependences of all dynamic quantities. (a) Qa(◦) and Qb(•) for h0 = 3.0 and
Qa(△) and Qb(N) for h0 = 1.0. (b) Qs versus T for h0 = 3.0(◦) and h0 = 1.0(•). (c)
dQs
dT
versus T , for
h0 = 3.0(◦) and h0 = 1.0(•). (d) E versus T , for h0 = 3.0(◦) and h0 = 1.0(•). (e) C =
dE
dT
versus T , for
h0 = 3.0(◦) and h0 = 1.0(•). Here, f = 0.01 and λ = 5.
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Fig-3. Temperature dependences of all dynamic quantities. (a) Qa(◦) and Qb(•) for h0 = 4.0 and
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dQs
dT
versus T , for
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versus T , for
h0 = 4.0(◦) and h0 = 3.9(•). Here, f = 0.01 and λ = 5.
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